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a b s t r a c t
In this paper we study the almost everywhere convergence of the spectral expansions
related to the Laplace–Beltrami operator on the unit sphere. Using the spectral properties of
the functions with logarithmic singularities, the estimate formaximal operator of the Riesz
means of the partial sums of the Fourier–Laplace series is established.We have constructed
a different method for investigating the summability problems of Fourier–Laplace series,
which based on the theory of spectral decompositions of the self-adjoint Laplace–Beltrami
operator.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
It is well known that in harmonic analysis one of the important tools in dealing with the almost everywhere convergence
of the spectral expansions which relate to symmetric differential operators, is the estimation of the maximal operator
of Riesz means of spectral expansions. The principle of estimation of the maximal operator is often applied in proofs
concerning the almost everywhere convergence of spectral expansions. The almost everywhere convergence of spectral
expansions were studied by many authors [1–3] (see for a review (Fourier Series and Integrals) [4] and (Fourier–Laplace
series) [5]). In such investigations results about the almost everywhere convergence in Lp-spaces under certain conditions
for order of Riesz means were obtained. Some more results, which were devoted to investigations at critical index,
are [2,3,6]. Note that the summability of Fourier–Laplace series was studied in [7–10]. In papers [11,6,9] some new
results related to the convergence of Cesaro means of Fourier–Laplace series were proven, which are an extension of
Stein’s works.
In this paper we establish the inequality for the maximal operator of the Riesz means of the order α = N−12 , related to
the functions from L(log L)2(SN). The estimate we obtain in this paper seems to be of independent interest. Let us mention
that similar problems for Riesz means of the expansions were studied only in case of Fourier series (see [3]).
Let SN be the unit sphere in RN+1. The sphere SN is naturally equipped with a positive measure dσ(x). Consider an
elliptic second order differential operator∆s, which is named the Laplace–Beltrami operator on the sphere. This operator is
symmetric and nonnegative. This operator has a complete orthonormal system of eigenfunctions in L2(SN):
{Y (k)1 (x), Y (k)2 (x), . . . , Y (k)ak (x)}, k = 0, 1, 2, . . . ,
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corresponding to the eigenvalues {λk = k(k+ N − 1)}, k = 0, 1, 2, . . . , where
ak =

1, if k = 0,
N, if k = 1,
(N + k)!
N!k! −
(N + k− 2)!
N!(k− 2)! , if k ≥ 2
(1.1)
is the multiplicity of eigenvalue λk (see [3]).
In this paper we investigate the Riesz means of the spectral expansions of the Laplace–Beltrami operator, which can be
defined as the following integral operator
Eαn f (x) =
∫
SN
f (y)Θα(x, y, n)dσ ,
with the kernel
Θα(x, y, n) =
n−
k=0

1− λk
λn
α
Zk(x, y), (1.2)
where Zk(x, y) is the Zonal harmonic of order k : Zk(x, y) = ∑akj=1 Y (k)j (x)Y (k)j (y). Let us note that the Riesz means make
sense for any real α ≥ 0 and even for complex α with ℜ(α) ≥ 0, thanks to which one can use interpolation theorems in
the study of Riesz means. The behavior of the spectral expansion corresponding to the Laplace–Beltrami operator is closely
connected with the asymptotical behavior of the kernelΘa(x, y, n).
For any two points x and y from SN we shall denote by γ (x, y) the spherical distance between these two points. Actually,
γ (x, y) is a measure of the angle between x and y. It is obvious that 0 ≤ γ (x, y) ≤ π .
Theorem 1.1. Let Θα(x, y, n), α ≥ 0, be the kernel of Riesz means of the spectral expansions defined as in (1.2).
(1) if
π
2 − γ
 < nn+1 π2 , n →∞, then we have
Θα(x, y, n) = O(1)

n(N−1)/2−α
(sin γ )(N−1)/2(sin(γ /2))1+α
+ n
(N−3)/2−α
(sin γ )(N+1)/2(sin(γ /2))1+α
+ n
−1
(sin(γ )/2)1+N

;
(2) if 0 ≤ γ ≤ π , then we have
Θα(x, y, n) = O(1)nN;
(3) if 0 < γ0 ≤ γ ≤ π , then we have
Θα(x, y, n) = O(1)nN−α.
This theoremwas proved in [12]. In the study of questions of almost everywhere convergence it is convenient to introduce
the following maximal operator
Eα∗ f (x) = sup
n∈N
|Eαn f (x)|.
We recall the standard notation, log+ x = log x, if x ≥ 1, otherwise log+ x = 0. The class of functions L(log L)2(SN) is defined
as a subset of L1(SN) such that∫
SN
|f (x)|(log+ |f (x)|)2dσ(x) <∞.
Spherical ball B(x, r) of radius r centered at x : B(x, r) = {y ∈ SN : γ (x, y) < r}. For an integrable function f (x) themaximal
function of Hardy–Littlewood
f ∗(x) = sup
r>0
1
|B(x, r)|
∫
SN
|f (y)|dσ(y)
is finite almost everywhere on the sphere, where by |B(x, r)| we denote the Lebesgue measure of the B(x, r). The maximal
function f ∗ plays a major role in analysis and has been studied in (see [3]). In particular, for any p > 1 and if f ∈ Lp, then
there exists a constant cp, such that
‖f ∗‖Lp ≤
cp(N)
p− 1‖f ‖Lp ,
where cp has no singularities at point p = 1.
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2. Main results
Theorem 2.1. Let α > N−12 then for all f ∈ L1(SN) we have
Eα∗ f (x) ≤
cα(N)
α − N−12

f ∗(x)+ f ∗(x¯) (2.1)
where γ (x, x¯) = π and constant cα(N) has no singularities at α = N−12 .
Proof. Using the asymptotical behavior of the kernel Θα(x, y, n) as in Theorem 1.1, we shall estimate the Riesz means of
the spectral expansions. We have
Eαn f (x) =
∫
SN
Θα(x, y, n)f (y)dσ(y)
=
∫
γ (x,y)< 1n
Θα(x, y, n)f (y)dσ(y)+
∫
1
n<γ (x,y)≤ π2
Θα(x, y, n)f (y)dσ(y)
+
∫
π
2 <γ (x,y)≤π− 1n
Θα(x, y, n)f (y)dσ(y)+
∫
π− 1n<γ (x,y)≤π
Θα(x, y, n)f (y)dσ(y)
= I1 + I2 + I3 + I4.
According to Estimate (2) in Theorem 1.1 we have
|I1 + I4| =

∫
γ (x,y)< 1n
Θα(x, y, n)f (y)dσ(y)+
∫
π− 1n<γ (x,y)≤π
Θα(x, y, n)f (y)dσ(y)

≤ C

nN
∫
γ (x,y)< 1n
|f (y)|dσ(y)+ nN
∫
π− 1n<γ (x,y)≤π
|f (y)|dσ(y)

≤ C f ∗(x)+ f ∗(x¯) .
To estimate I2 we apply Estimate (1) in Theorem 1.1:
|I2| =

∫
1
n<γ (x,y)≤ π2
Θα(x, y, n)f (y)dσ(y)
 ≤ C

n
N−1
2 −α
∫
1
n<γ (x,y)≤ π2
(sin γ )−
N+1
2 −α|f (y)|dσ(y)
+ n N−32 −α
∫
1
n<γ (x,y)≤ π2
(sin γ )−
N+3
2 −α|f (y)|dσ(y)+ n−1
∫
1
n<γ (x,y)≤ π2
(sin γ )−1−N |f (y)|dσ(y)

.
Putting F(t) = 
γ (x,y)<t |f (y)|dσ(y) one can see that F(t) ≤ C tN f ∗(x). By definition of F(t)we can estimate I2 as follows
|I2| ≤ C

n
N−1
2 −α
∫ π
2
1
n
(sin t)−
N+1
2 −αF ′(t)dt + n N−32 −α
∫ π
2
1
n
(sin t)−
N+3
2 −αF ′(t)dt + n−1
∫ π
2
1
n
(sin t)−1−NF ′(t)dt

.
Now integrating by parts one has
|I2| ≤ C f ∗(x)

1+ n N−12 −α
∫ π/2
1/n
t−
N+3
2 −αdt + n N−32 −α
∫ π/2
1/n
t−
N+5
2 −αdt + n−1
∫ π/2
1/n
dt
t2

.
The expression in the brackets could be exactly computed, therefore we have
I2 ≤ C1
α − N−12
f ∗(x).
By the similar argument, we obtain
|I3| ≤ C2
α − N−12
f ∗(x).
Hence, finally for the maximal operator of Riesz means we have
Eα∗ f (x) ≤
Cα(N)
α − N−12

f ∗(x)+ f ∗(x)
whenever α > N−12 . This completes the proof Theorem 2.1. 
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The statement of Theorem 2.1 is useful in case of p closed to 1, but for the case p = 2 we can apply Kaczmarz’s lemma
(see [4]) and obtain the following
Theorem 2.2. For every f ∈ L2(SN) we have
‖Eα∗ f ‖L2 ≤ Cα‖f ‖L2 , ∀α > 0. (2.2)
Combining the estimates (2.1) and (2.2) and using the Stein’s interpolation theorem on analytic family of linear operators
we have
Theorem 2.3. Let α > (N − 1) (1/p− 1/2) , 1 < p < 2 then for all f ∈ Lp(SN) we have
‖Eα∗ f ‖Lp ≤
cp(N)
(p− 1)2 ‖f ‖Lp (2.3)
where constant cp has no singularities at p = 1.
Proof. To apply the Stein’s interpolation theorem we have to consider the Riesz means of complex order. For this purpose
we set the connection between different orders of Riesz means. From the definition of Riesz means we have
Eα+βλ (f ) = cα,βλ−α−β
∫ λ
0
(λ− r)β−1rαEαr (f )dr.
This formula is true for all complex number α and β , ifℜ(α) > −1/2, ℜ(β) > 1/2. Therefore, for the maximal operator of
Riesz means we have
Eα+β∗ (f ) ≤
|Γ (α + β + 1)|Γ (ℜ(β))
Γ (ℜ(α)+ℜ(β)+ 1)|Γ (β)|E
α
∗ (f ).
Using this estimation and Theorem 2.1 for all α > N−12 , p > 1, β > −1/2, one finds
‖Eα+iβ∗ (f )‖Lp(SN ) ≤
Ceπ |β|/2
α − N−12

(p− 1)‖f ‖Lp(SN ).
Denote by Ψ the class of positive measurable functions on SN taking finitely many different values. Let us fix an arbitrary
ε > 0 and set α(z) = N−12 z+ ε. Then the operators Eα(z)µ(x), µ(x) ∈ Ψ satisfy all conditions of the interpolation theoremwith
p1 > 1 and p0 = 2
‖Eα(1+iτ)µ(x) (f )‖Lp1 (SN ) ≤ A1‖f ‖Lp1 (SN ), ℜ(α(1+ iτ)) >
N − 1
2
,
and
‖Eα(iτ)µ(x) (f )‖L2(SN ) ≤ A0(τ )‖f ‖L2(SN ), ℜ(α(iτ)) > 0,
where A0(τ ) ≤ Ceπ |τ |, A1(τ ) ≤ Ceπ |τ |/2(p1−1)2 .
Consequently for all t : 0 < t < 1 we have
‖Eα(t)µ(x)(f )‖Lp(SN ) ≤ At‖f ‖Lp(SN )
where α(t) = N−12 t + ε, 1p = 1−t2 + tp1 , and excluding t , one has α > (N − 1)

1
p − 12

and for At we have:
At = exp 12 sinπ t
∫ ∞
−∞

log A0(τ )
cothπτ − cosπ t +
log A1(τ )
cothπτ + cosπ t

dτ .
Moreover we have
At ≤ const
(p− 1)2 .
The Theorem 2.3 is proved. 
As the estimate (2.3) is established, then using the standard properties of the functions f ∈ L(log L)2(SN) (see Lemma 2,
p. 100 in [3]) we have
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Theorem 2.4. Let α = N−12 then there exists a constant K , such that for all f ∈ L(log L)2(SN) we have
‖E N−12∗ (f )‖L1(SN ) ≤ K
∫
SN
|f (x)|(log+ |f (x)|)2dσ(x)+ 1

, (2.4)
where constant K depends only on N.
As the estimate (2.4) is obtained, then the almost everywhere convergence may be proved in a standard way (see [4]).
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